Abstract. Frames for operators or k-frames were recently considered by Gȃvruta (2012) in connection with atomic systems. Also generalized frames are important frames in the Hilbert space of bounded linear operators. Fusion frames, which are a special case of generalized frames have various applications. This paper introduces the concept of generalized fusion frames for operators aka k-g-fusion frames and we get some results for characterization of these frames. We further discuss on duals and Q-duals in connection with k-g-fusion frames. Also we obtain some useful identities for these frames. We also give several methods to construct k-g-fusion frames. The results of this paper can be used in sampling theory which are developed by g-frames and especially fusion frames. In the end, we discuss the stability of a more general perturbation for k-g-fusion frames.
Introduction
Frames in Hilbert spaces were first proposed by Duffin and Schaeffer in the context of non-harmonic Fourier series [11] . Now, frames have been widely applied in signal processing, sampling, filter bank theory, system modeling, Quantum information, cryptography, etc ([3] , [12] , [15] , [24] and [22] ). We can say that fusion frames are the generalization of conventional classical frames and special cases of g-frames in the field of frame theory. The fusion frames are in fact more susceptible due to complicated relations between the structure of the sequence of weighted subspaces and the local frames in the subspaces and due to the extreme sensitivity with respect to changes of the weights.
Frames for operators or k-frames have been introduced by Gȃvruta in [17] to study the nature of atomic systems for a separable Hilbert space with respect to a bounded linear operator k. It is a well-known fact that k-frames are more general than the classical frames and due to higher generality of k-frames, many properties of frames may not hold for k-frames. Recently, we presented g-fusion frames in [23] . This paper presents k-g-fusion frames with respect to a bounded linear operator on a separable Hilbert space which are a generalization of g-fusion frames.
Throughout this paper, H and K are separable Hilbert spaces and B(H, K) is the collection of all bounded linear operators of H into K. If K = H, then B(H, H) will be denoted by B(H). Also, π V is the orthogonal projection from H onto a closed subspace V ⊂ H and {H j } j∈J is a sequence of Hilbert spaces where J is a subset of Z.
For the proof of the following lemma, refer to [17] .
Lemma 1. Let V ⊆ H be a closed subspace, and T be a linear bounded operator on H. Then
Let {f j } j∈J be a sequence of members of H and k ∈ B(H). We say that {f j } j∈J is a k-frame for H if there exist 0 < A ≤ B < ∞ such that for each f ∈ H,
Definition 2. (g-fusion frame). Let W = {W j } j∈J be a collection of closed subspaces of H, {v j } j∈J be a family of weights, i.e. v j > 0 and
If an operator u has closed range, then there exists a right-inverse operator u † (pseudo-inverse of u) in the following sences (see [8] ). Lemma 2. Let u ∈ B(K, H) be a bounded operator with closed range R u . Then there exists a bounded operator u † ∈ B(H, K) for which
Lemma 3. Let u ∈ B(K, H). Then the following assertions holds: H) and L 2 ∈ B(H 2 , H) be on given Hilbert spaces. Then the following assertions are equivalent:
(
Moreover, if those condition are valid, then there exists a unique operator
u such that (a) u 2 = inf{α > 0 | L 1 L * 1 ≤ αL 2 L * 2 }; (b) ker L 1 = ker u; (c) R(u) ⊆ R(L * 2 ).
k-g-Fusion Frames
We define the space H 2 := ( j∈J ⊕H j ) ℓ 2 by
with the inner product defined by
It is clear that H 2 is a Hilbert space with pointwise operations.
When k = id H , we get the g-fusion frame for H. Throughout this paper, Λ will be a triple (W j , Λ j , v j ) with j ∈ J unless otherwise noted. We say Λ is a Parseval k-g-fusion frame whenever
The synthesis and the analysis operators in the k-g-fusion frames are defined by
Thus, the k-g-fusion frame operator is given by
for all f ∈ H. Therefore,
Hence, we conclude that: 
Thus, we have
which implies that
Remark 2. Since S Λ ∈ B(H) is positive and self-adjoint and B(H) is a
Λ is positive and self-adjoint too whenever k ∈ B(H) has closed range. Now, for each f ∈ S Λ (R(k)) we can write
Theorem 2.1. Let u ∈ B(H) be an invertible operator on H and Λ be a kg-fusion frame for H with bounds A and B. Then,
Proof. Let f ∈ H. Then by applying Lemma 1, with u instead of T , we have
So, Γ is a g-fusion Bessel sequence for H. On the other hand,
is an invertible operator on Hilbert spaces, Λ is a k-g-fusion frame for H with bounds A, B and ku = uk, then Γ :
Theorem 2.2. Let u ∈ B(H) be an invertible and unitary operator on H and Λ be a k-g-fusion frame for H with bounds A and B. Then, (uW j ,
Proof. Using Lemma 1, we can write for any f ∈ H,
Corollary 2. If u ∈ B(H) is an invertible and unitary operator on Hilbert spaces, Λ is a k-g-fusion frame for H with bounds A, B and k
Proof. Via Lemma 4, there exists λ > 0 such that uu * ≤ λ 2 kk * . Thus, for each f ∈ H we have
It follows that
In the following example is showed that the condition R(u) ⊆ R(k) in Corollary 2.3 is necessary. Example 1. Let H = R 3 and {e 1 , e 2 , e 3 } be an orthonormal basis for H. We define two operators k and u on H by ke 1 = e 2 , ke 2 = e 3 , ke 3 = e 3 ; ue 1 = 0, ue 2 = e 1 , ue 3 = e 2 .
Suppose that W j = H j := span{e j } where j = 1, 2, 3. Let
where f = (f 1 , f 2 , f 3 ) and j = 1, 2, 3. It is clear that (W j , Λ j , 1) is a k-g-fusion frame for H with bounds 1 2 and 1, respectively. Assume that (W j , Λ j , 1) is a u-g-fusion frame for H. Then, by Proposition 1, there exists
Bessel sequences for H with bounds B 1 and B 2 , respectively. Suppose that T Λ and T Θ be their analysis operators such that T Θ T * Λ = k * where k ∈ B(H). Then, both Λ and Θ are k-g-fusion frames.
Proof. For each f ∈ H we have
This means that Λ is a k-g-fusion frame for H. Similarly, Θ is a k-g-fusion frame with the lower bound B −1 1 .
Q-Duality of k-g-Fusion Frames
In this section, we shall define duality of k-g-fusion frames and present some properties of them.
(or brevity Qk-gf dual) for Λ if there exists a bounded linear operator Q :
Like another k-frames, the following presents equivalent conditions of the duality. (1)
Proof. Straightforward.
Theorem 3.1. IfΛ is a Qk-gf dual for Λ, thenΛ is a k * -g-fusion frame for H.
Proof.
Let f ∈ H and B be an upper bound of Λ. Therefore,
and by definition, this completes the proof.
Corollary 3. Assume C op and D op are the optimal bounds ofΛ, respectively. Then
which A op and B op are the optimal bounds of Λ, respectively.
Suppose that Λ be a k-g-fusion frame for H. Since S F ≥ Akk * , then by Lemma 4, there exists an opeartor u ∈ B H, H 2 ) such that
Now, we define the j-th component of uf by u j f = (uf ) j for each f ∈ H. It is clear that u j ∈ B(H, H j ). By this operator, we can construct some Qk-gf duals for Λ. Theorem 3.2. Let Λ be a k-g-fusion frame for H. If u be an operator as in (8) 
Thus, uh 1 = uh 2 . It is clear that Φ 0 be bounded and linear. Therefore, it has a unique linear extension (also denoted Φ 0 ) to R(T * Λ ). Define Φ on H 2 by setting
and let Q := Φ * . This implies that Q * ∈ B(H 2 , H 2 ) and
Proposition 3. Let Λ be a k-g-fusion frame with optimal bounds of A op and B op , respectively and k has closed range. Then
which u 0 is the unique solotion of equation (8) .
Proof. Via Lemma 4, the equation (8) has a unique solition as u 0 such that
Now, we have
3.1. k-g-fusion duals and some identities.
In this case, we can deduce thatΛ is a k * -g-fusion frame for H. Indeed, for each f ∈ H we have
where B is an upper bound of Λ.
Theorem 3.3. Let Λ be a k-g-fusion frame for H with bounds A, B and k be closed range. Then
On the other hand, we obtain by Remark 1, for all f ∈ H,
and the proof is completed by Definition 5.
Let Λ be a k-g-fusion frame for H andΛ be a k-g-fusion dual of Λ. Suppose that I is a finite subset of J and we define
It is easy to check that S I ∈ B(H), positive and
Proof. For each f ∈ H, we have
and the proof is completed. 
Proof. Let
Therefore, S Λ,I + S Λ,I c = kk * . Hence,
Now, for each f ∈ H we have
Consequently, for I ∪ E instead of I:
Theorem 3.6. Let Λ be a Parseval k-g-fusion frame for H. If I ⊆ J and
Proof. In Theorem 3.5, we showed that
Therefore,
Thus,
Now, we obtain for any f ∈ H,
Perturbation of k-g-Fusion Frames
Perturbation of frames has been discussed by Cazassa and Christensen in [5] . In this section, we present some perturbation of k-g-fusion frames and review some results about them.
Lemma 5. ( [5] ) Let U be a Linear operator on a Banach space X and assume that there exist λ 1 , λ 2 ∈ [0, 1) such that
for all x ∈ X. Then U is bounded and invertible. Moreovere,
for all x ∈ X.
Theorem 4.1. Let k ∈ B(H) be closed range, Λ be a k-g-fusion frame for H with bounds A, B and {Θ j ∈ B(H, H j )} j∈J be a sequence of operators such that for any finite subset I ⊆ J and for each f ∈ H,
where
Proof. Assume that I ⊆ J is a finite subset and f ∈ H. We have
is a g-fusion Bessel sequence for H with bound
Thus, we obtain by the hypothesis
Therefore, by ( Proof. It is easy to check that j∈J v 2 j π W j Θ * j Θ j π W j f is convergent for any f ∈ H. Thus, we obtain for each f ∈ H,
and also
By using Theorem 4.1 with λ 1 = λ 2 = 0 and γ = R √ A , the proof is completed.
The proof of the following is similar to the proof of Theorem 4.1. 
